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Introduction

In this topic, we will

Describe an inner product of two functions

Define orthogonality of functions

Show that we can project one function onto another

Discuss projections onto a set of mutually orthogonal functions
Introduce complex exponential functions

Show that these functions are mutually orthogonal

Approximate periodic functions with these complex
exponential functions
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An inner product for functions

e Suppose we have an interval [-'2T, Y2T],
and given two piecewise continuous periodic functions
f and g with period T, we may define

(f,g):ff(t)*g(t)dt

U
2
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 Contrast this with (u, V> UV,
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An inner product for functions

* This has all the properties of the inner product of finite-
dimensional vectors

(f,f)zé f(t)*f(t)dt:j_lzl|f(t)|2dt20

(f,g)= TEI f(t) g(t)dt =U;Tg(t)* f (t)dtj* =(g, )

(f.ag)=[2% f(t) ag(t)dt =aj_121 f(t) g(t)dt=a(f,g)

*

[ £(8) g (t)+ £ (1) h(t) ]t
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An inner product for functions

T

Two functions are orthogonal if (f,g)= _[__21 f(t) g(t)dt=0
We can define the 2-norm of a function:

], =t f) = \/I £(1)] dt

We can also define the projection of one function onto

another T : ) )
2 £ (t) g(t)dt

projf(g):%f :°_15 f
(F. 1) 2 f(t) f(t)dt

o \L.«?
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Two orthogonal functions and a prOJectlon

* For example, the constant function f, together with the saw-
tooth function f; with period T = 2 form an orthogonal set:

1 1

(fo 1) =] @ t)dt=>¢"

— If g(t) = et on [-1, 1] is periodically extended

=0

=il
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Two orthogonal functions and a projection

* Doing the calculations:

1
) f’g 1'etdt f’g e_e_l
prOJfo(g): < 0 > fo:‘[ll fo A = <f0 f> -
(o fo) ledt (o fo) 2
(f.g) [ tedt (f,9) _2e
proj. (g =L f ==L f a, = = =3¢
fl( ) (f., 1) 1 J-_lltzdt 1 (f. f,) 3
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Two orthogonal functions and a projection

* Thus, the best approximation of the periodically extended
function et as a linear combination is the periodic extension of

e—e

1+3e't

(0¢)
A
294>



A\ e P RN - TS g 5
- T 2 ) Sy Y “. v P
: .7 ar i ‘Perlodlc fﬁncﬁons M—F@urm‘gsen

Orthogonal complex exponentials

Next, consider the complex-valued functions

n—t
J T

u, (t)=e

where n is any integer

eﬁ
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Orthogonal complex exponentials

« Now, if m =n, we have:

T
2 j(m—m)—
<um,um>: J‘el( )Ttdt

"
(=]
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Orthogonal complex exponentials
 (QOtherwise, if m #n, we have: .
T 2
2 j(n—m)z—ﬂt 1 J(n—m)z—”t
(um,un>:je T dt = e T
T j(n- m)z—ﬂ
2 T T
2
b b 1 j(n- )ZT—”% j(”_m)zT_ﬂ(_TEj
[e* dt L - 27| °
a S J (n B m)—
T
_ 1 (ej(n—m)ﬂ . e—j(n—m);z )
: 27T
j(n—-m)=-
T *
_ 1 ; (ej(n—m)ﬂ _ (ej(n—m)ﬂ ) ) ,
J (n B m)? 11 Q S
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Orthogonal complex exponentials

e Recall thatz—-2z" = 2j Sm(z2)

<um’un> — : 27 (ej(”‘m)” _(ej(”—m)” )*)
T

e’ =cos(s)+ jsin(s) _ - Zﬂzjsin((n_m)ﬂ)
j(n—m)?

= ! sin((n—-m)z) =
_ﬂ(n_m) (( ) ) 0
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Orthogonal complex exponentials

in=Zt
e Thus,if U, (t) —e T, we have

)= {T m=n

0 m=0

(uy,u,)=Tsinc(n—m)

m?=n

sinc(x)dif sin (7x)

7T X
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Orthogonal complex exponentials

* Question: what is the span of all functions

u_(t), U_4(t), Up(t), Uy (1), Ux(t), ... 7

— At the very least, the span contains all periodic functions with
period T (including constant functions) with a finite number
of discontinuities on any period
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Orthogonal complex exponentials

e What do these functions look like?
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A Fourier approximation

e Given a function f (t), we’d like to find the coefficients

f(t)=---+a,e T +a,e T+a+a1eT+aeT+---

)
E L2 *
j(e’k?t) f()dt
(uk,f> —% 1 2 —ijT—”t
— — = f(t)dt
% (Uy,u, ) T T_-[Ie (t)
2
b b b
j e't" dt = gestt“ _n j et" L dt
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A Fourier approximation

If f (1) is real periodic function, thena_, = a,’
— Also, f (1) is real periodic function, thena_, = a,”

jkz—”t « —jkz—”t jk—t jk—t
ae ' +tae T =ae " +lae ’T

— Without going through the math, this equals

2|ak|cos(k 2_|_—7zt+arg(ak ))
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A Fourier approximation

* Consider the periodic extension of the polynomial t
on [-1, 1] which creates a saw-tooth function

a, =0
a, = _% %cos(zt—900)+§cos(2zt+9O°)+écos(37zt—900)
a, = i -I—%COS(AJZ'J[+9OO)+éCOS(5ﬂ't+9OO)

o
A
294>



o e : TR SV Al T Gl 5 o
., | SRR 30, ' Perlodlc fﬁnctfons %ﬁ Fourlé' serles N” =
/,,,'.».,

"

A Fourier approximation

« Consider the periodic extension of the function 1 — [t|
on [-1, 1] which creates a periodic tent function

1
ao :E
1 4 il
2 —+—2cos(7zt)+—2cos(37zt)+ (57zt)
q =— 2 O 2571
/3
a, =0
2
% =0
a, =0
9 2
> 25772
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A Fourier approximation

* Consider the periodic extension of (t—1) (t+ 1) (t—%2)
on [-1, 1] which creates a non-symmetric wave

1 0.33+0.44 cos( 7t +62°)+0.070cos (27t —136°)
%= 3 +0.027 cos (37t +32°)+0.014 cos (4t —154°)+0.0087 cos (5t + 21°)
=+ ]
7Z'2 72'3
NN S
’ Ar® 127°
1 §)
2= or° " 277° .
NS S
Y1672 327°

o1
I

N
o1
S

N
[HR
N
O
S

w
N
o

200



u,-’/“" "/' /'; » | i‘ n\L ‘ ' “ 4
Yokt s hon 2 Perlodlc fﬁnct"fons M—Fourl ser1 /’R"M

Maple code

* Here is the Maple code:

> restart;
> T = 2;
>p =t -> (t - 1)*(t + 1)*(t - 1/2);
>N :=5;
> interface( imaginaryunit = '3j' );
> for k from -N to N do
alk] := int( exp( -j*2*Pi/T*k*t )*p(t), t = -T/2..T/2 )/T;
end do;

> plots[display] (
plot( p(t), t = -0.5*T..0.5*T ),
plot( add( a[k]*exp( j*2*Pi/T*k*t ), k = -N..N ),
t = -1.25*T..1.25*T )
) ;
> a[0] + add( 2*abs(a[k])*cos(2*Pi/T*t + argument(al[k])),

k =1..N); [:j
21
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Other Fourier series

* There are other collections of orthogonal functions that use
trigonometric functions

— This is easier to visualize

— This is more frustrating to calculate with twice as many
integrals and integrals involving trigonometric functions

— Also, a phase shifted cosine is easier to understand than a sum
of two trigonometric functions

1.97 cos(zt +40°) versus 1.509cos(zt)—1.266sin(7t)
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Summary

Following this topic, you now

Understand the inner product of two functions
Know that two functions can be orthogonal
Know how to project one function onto another

Are aware that the sum of projections onto orthogonal functions
gives the best approximation of the given function in terms of
those orthogonal functions o
Know about the complex exponential functions u_ (t) = em?t
Know these are orthogonal and form a basis for functions of

period T

Have seen examples of approximating periodic functions with a
finite number of these complex exponential functions
. <
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.
Mathematical equations are prepared in MathType by Design Science, Inc.

Examples may be formulated and checked using Maple by Maplesoft, Inc.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more information.
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Disclaimer

These slides are provided for the ECE 204 Numerical methods
course taught at the University of Waterloo. The material in it
reflects the author’s best judgment in light of the information
available to them at the time of preparation. Any reliance on these
course slides by any party for any other purpose are the
responsibility of such parties. The authors accept no responsibility
for damages, if any, suffered by any party as a result of decisions
made or actions based on these course slides for any other purpose
than that for which it was intended.

N
A
294>



